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ABSTRACT 

The holographic principle is tested by examining the logarithmic and higher order corrections 
to the Bekenstein-Hawking entropy of black holes. For the BTZ black hole, I find some disagree- 
ment in the principle for a holography screen at spatial infinity beyond the leading order, but a 
holography with the screen at the horizon does not, with an appropriate choice of a period pa- 
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for black hole entropy in any dimension. Its higher dimensional generalization is considered to 
see a universality of the parameter choice. The horizon holography from Carlip's is compared 
with several other realizations of a horizon holography, including induced Wess-Zumino-Witten 
model approaches and quantum geometry approach, but none of the these agrees with Carlip's, 
after clarifications of some confusions. Some challenging open questions are listed finally. 
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1 Introduction 



In the recent ten years, there have been enormous studies on the "holographic principle", 
which states that the world in the bulk space-time is encoded on its boundary surface: holo- 
graphic screen [1] . In other words, this principle says, roughly speaking, 

Zx ~ Zqx (1.1) 

with the partition functions Zx on the bulk space-time X and Zqx on its boundary dX. 
This has been now well-tested when anti-de Sitter spaces are involved in the bulk, and some 
appropriate conformal field theories are considered on the infinite boundary in the context of 
string theory (AdS/CFT) [2]. Similar correspondences for de-Sitter [3, 4, 5] and flat spaces 
[4, 6] have been considered recently, but concrete realizations have not been achieved yet. 

On the other hand, when there are black holes in the bulk space-time X, it seems that, 
according to 't Hooft and Susskind [1], collection of event horizons can be considered as 
holographic screens also. Similarly, when there is the cosmological horizon, this can then 
be a holographic screen also [7]. There is a strong evidence for this in the computation 
of the Bekcnstcin-Hawking(BH) entropy from a conformal field theory living on the horizon 
[8, 9, 10, 11, 12, 13, 14, 15, 16, 17]. Since the BH entropy is the exponent of the partition func- 
tions at the "leading order", this result implies the relation (1.1) holds at the leading order. 
However, this is in contrast to Strominger's computation on the BTZ black hole entropy from a 
conformal field theory at spatial infinity [18] that implies a holography (1.1) at spatial infinity 
at the same (leading) order. So, at least for the leading order, both the holography at spatial 
infinity and that of the horizon give an identical result, and one can not distinguish between 
these very different approaches. 

In this paper, I show that, for the BTZ black hole, the two holography prescriptions give 
different results, so these can be differentiated beyond the leading order. I find that, remarkably, 
there is some disagreement in the holography at spatial infinity beyond the leading order. This 
may be in contrast to the AdS/CFT predictions. On the other hand, the holography at the 
horizon may be satisfied by choosing an appropriate period P, which has been arbitrary for the 
leading-order computations, of the metric diffeomorphism parameter in Carlip's horizon- 
CFT approach of black hole entropy in any dimension [12, 13, 14]. The higher dimensional 
generalization is considered from the Schwarzschild-anti-de Sitter black holes in d > 4 to see 
a universality of the parameter choice. This horizon holography from Carlip's is compared 
with several other realizations of a horizon holography, including induced Wess-Zumino-Witten 
model approaches for the Lorenzian and the Euclidean BTZ black holes; quantum geometry 
approach for the four-dimensional Schwarzschild and Schwarzschild-AdS black holes. But, I flnd 
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that none of these other approaches agrees with Carhp's, after clarifications of some confusions. 
Some challenging open questions are listed finally. 



2 General Logarithmic Corrections to the Bekenstein-Hawking en- 
tropy 

1 start by considering the density of states fl{E) in the micro- canonical ensemble, where 
the total energy E is fixed and always bigger enough than the tolerance SE, i.e., SE <^ E, 



n{E) = J2^i^r- E)5E (2.1) 
df3'ef'^Z[f3], (2.2) 

-OO 



SE 
2^ J- 



where (3 = (3 + if3\ and j3 is an arbitrary parameter which can be chosen at will. The partition 
function Z[(5] in the canonical ensemble for the complex (5 is defined as 

Zm^Y.^-^""^- (2-3) 

r 

On the other hand, from the Laplace transformation for Vt[E) of (2.1), this can be alternatively 
expressed as 

Zm = §m)e-'^- (2.4) 

However, note that the existence of the canonical partition function depends on the convergence 
of the Laplace transform (2.4): When the Laplace transform does not converge as occurs in the 
Schwarzschild black hole, where the heat capacity is negative such as it is thermodynamically 
unstable, one must return to the original definition (2.1) to compute Q{E) [19, 20]; but, for 
a thermodynamically stable system, one can always use the formula (2.2). Moreover, in this 
computation it is important to note that only the j3' ^ —j3' symmetric terms in the integrand 
e^^Z[(3] of (2.2) are relevant by construction; this property has a crucial role, as can be seen 
in the later part, when one computes (2.2) perturbatively beyond the first correction. 

In the stationary phase method, the integral (2.2) can be perturbatively evaluated around 
P' = 0, where the usual energy formula at the equilibrium temperature T = (3~^ 

dlnZ0] 



/3'=0 



E^- 

dp 

is satisfied, as follows 

SE I 1 „ ^« ^1 



(2.5) 



n{E) = e^'^ZiP] X — / d(3'exp --B,(3" + ^ -fBnW , (2-6) 
27r J-oo 2 n! 
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where 

(9"lnZ[/3] 



B. 



(2.7) 

/3'=0 



a/3" 

It is a standard result [21] that the (micro-canonical) entropy S — \bD,{E) is computed as 



-5 = -Sc - ^In 
2 



{5Ef 



+ (higher order terms), (2.8) 



where the second term comes from the Gaussian integral /f^ d/3'exp(-S2/3'V2) = ^27r/S2 
and B2 — CxT"^ {Cx is the specific heat with a fixed extensive parameter x). And 

Sc = pE + \iiZ\j3] (2.9) 

is the entropy defined in the canonical ensemble; I shall mean 'entropy' as the micro-canonical 
entropy later on unless it is stated otherwise. The 'higher order terms' represents the correction 
terms from the integral d/3'exp[X^^3 S„(i/3')"/n!]. In the usual statistical mechanics, T is 
independent on the system size, i.e., intensive variable, such as term in the logarithmic term 
of (2.8) can be neglected in the thermodynamic limit since is an extensive quantity, which 
can be arbitrarily large like as E and S ^. But still, the term of tolerance 5E is neglected since 
5E is defined to be smaller enough than any available energy fiuctuation, i.e., 5E <^ A£' = C^T"^ 
for the mean-square fiuctuation in the energy [22]. 

However, in the application of this statistical mechanical formulation into black hole ther- 
modynamics by the Euclidean path-integral approach [23, 24] T depends on the system size, 
i.e., the horizon size, such as the term can not be neglected anymore in the logarithmic term 
of (2.8). This is one of the big differences between the usual thermodynamics and black hole 
thermodynamics. But one can still assume safely 5E <C any available energy fluctuation, by 
considering large black holes. Moreover, the relation (2.8) between the micro-canonical entropy 
and the canonical entropy Sc shows a perturbative correction [25] to the BH entropy ^ [23, 24] 

S.^SsH = ^. (2.10) 

where A is the horizon area, and G is the Newton's constant; when there is rotational degrees 
of freedom, one can generalize straightforwardly to the grand-canonical partition function and 
its associated density of states, but this will not be considered in this paper. 



thank K. Huang for a helpful comment on this. 

^If I include quantum corrections, I need to generalize the Einstein gravity to a higher curvature gravity with 
a possible UV-finite InA correction. But this would not affect our result for large black holes. See discussion 1 
in section 8 for details. 
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3 General Logarithmic Corrections to the BH entropy from the 
Cardy Formula 



There is an analogous situation in the two-dimensional conformal field theory on a two- 
torus, where one can perturbatively evaluate the density of states. To see this, I begin with the 
partition function of the conformal field theory on a torus [26, 27]^ 

Z[r, f ] = Tre2'rir(Lo-^)g-27rjf (Lo-^) ^3_^) 

with the modular parameters r, f and the Virasoro generators L^, Lm on the "plane" with 
central charges c, c, with the algebras in the standard form, 

[Lm, K] = (m - n)Lrn+n + j^rnirri^ - l)5m+n,o, 

— — — c 

[Lra, Ln] = (m - n)L^+„ + —m{m^ - 1) 5^+^,0, 

[L^,L„] = 0. (3.2) 

The density of states p(A, A) for the eigenvalues Lq = A, Zq = A is given as a contour integral 
(I suppress the f-dependence for simplicity, but the computation is similar to the r-part) 

p(A) = I dT e-'^-''^^-^^^ Z{t\, (3.3) 

where the contour C encircles the origin in the complex q — e^'^*'^ plane [9], and the tolerance 
is given by 5A = 1 by definition. The general evaluation of this integral would be impossible 
unless Z[t\ is known completely. But, due to the modular invariance of (3.1), one can easily 
compute its asymptotic formula through the steepest descent approximation. In particular, 
(3.1) is invariant under r — > — l/r [26] such that 

Z[t\ = Z[-1/t] = e-''^'(^min-^Kz[-l/r], (3.4) 

where Z[— l/r] = Tre~^'^*^^''~^mm)/^ approaches a constant value p(Amm) as r — iO+, which 
defines the steepest descent path for a "real" value of A > ^min- With the help of this property, 
(3.3) is evaluated as, by expanding the integrand around the steepest descent path r*, 

p(A) = / dr e^(^)Z[l/T] (3.5) 

J c 

= e''("*)Z[-l/T*] X / dT exp \ -r)^^\T - nf + ^ -r]^''\T - n)' 

■''^ [ ^ n>3 ^• 



X 



OO -1 

1+ E —,z-^z^'^\T-ny 



(3.6) 



^Compare to the derivation of Carlip [27], who used a sUghtly different partition function Z[t,t] = 
rp^^2mTLo^-2TriTLo ^ which is uot modular invariant. But, the result for the density of states p(A) is the same. 
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where r){T) = — 27riAeifT + 27riCeff/(24r), which dominates Z[1/t] in the region of interest, gets 
the maximum 



2ti\ 



I CefT Aeff 



(3.7) 



with 



Ceff 



24A, 



eff 



when 



AefT » ^ 



(3i 



(3.9) 



is satisfied. Here, r;^") = (d"r7/rfr")|^=^,, Z^™) = (ci"Z/rfr")|^=^,, and c^s = c - 24A^u„ Acs = 
A — c/24; Ainin is the minimum of A. Here, I am assuming "ccfr, Acfr > 0" since, otherwise, the 
saddle point approximation is not vahd for real valued c^s, A^s- Then, in the limit of e — * oo 
with = i/e, the higher order correction terms in the bracket of (3.6) arc exponentially 
suppressed as e~^'^^^^~'^m™\ hence (3.6) is simplified as, up to the exponentially suppressing 
terms. 



p(A) = e'V-effAeff/e X /■ rfr exp | Irj^^^r - + -v^''\t - r,)" I , 

-'^ {"^ n>3 J 



(3.10) 



where I have used Z[ioo] = 1. This is known as the Cardy formula [26]. Note that here I need 
CcflfAcflf ^ 1 in order that the approximation is reliable, i.e., e^^'^*^ dominates in the integral 
of (3.5), as well as the condition (3.9) such as Z[—1/t] is slowly varying near r*. Then, the 
entropy Scft — In p(A) of this r sector becomes [27] 



ScFT = 'S'o + -In 



96A3^, 



+ (h.o.t.). 



where 



5*0 = 27ry'ceffAeif/6, 



(3.11) 



(3.12) 



the second term comes from the contour integral Jcdr exp(r;(^)(r — r^,)^/2) = ^J2JfJ\r/^\, 
and '(h.o.t)' denotes the higher order terms from JqcIt exp[X;^3 ^^("^(t — T*)"^/n!]. Now, by 
recovering f-part also, the total entropy becomes 



ScFT^ — So + So + -In 



CcffCeff 



(96)2A3gA3g. 



+ (h.o.t.). 



(3.13) 
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This shows a similar logarithmic correction term as the first-order correction in the bulk (2.8). 
But, it seems in a priori that these CFT entropies Scft,cft'^ need not be related to the bulk 
entropy which has been computed in a completely different context. However, in the context 
of the holographic principle this "might" be related if one considers the conformal field theory 
in the above computation lives on a holographic screen. This remarkable connection does exit 
at the leading order, as has been first shown by Strominger [18]; he has shown that the CFT 
entropy associated with the asymptotic isometry SO {2, 2) at spatial infinity of the BTZ black 
hole agrees with the BH entropy, which is the entropy in the bulk at the leading order. This has 
been considered as a concrete example of the AdS3/CFT2. Moreover, a similar coincidence has 
been observed in the dS3/CFT2 context also, where there is the cosmological horizon instead, 
though its associated Cardy formula has not been proved yet [3]^, and though it has a conceptual 
problem of the meaning of the holographic screen beyond the casually connected region. 

On the other hand, recently it has been shown that there is also a conformal filed theory on 
the event horizon for arbitrary black holes in any dimension, and its associated CFT entropy 
agrees with the BH entropy at the leading order [12, 15, 16, 17]. This latter approach is 
conceptually better than the former one of Strominger for the following reasons. First, in the 
former noted by Carlip [12, 16], one can not distinguish the BTZ black hole with a 

point "star" with some appropriate mass and spin sitting at the origin of AdS space [29] ; this is 
in contrast to the holographic principle, where the data on a screen should distinguish the black 
holes from the point star by definition; however, this is automatically satisfied for the latter 
approach by construction. Second, in de-Sitter case, there is an additional conceptual problem 
that the screen is located in the casually-disconnected region as I mentioned above. However, 
this problem does not appear in the latter approach either. But, unfortunately one can not 
distinguish those two very different holography schemes at the leading-order computations. 
This raises the following question of the higher order corrections: Can we determine the correct 
one by assuming the holographic principle Zx ~ Zqx even at the higher orders ? 

4 Test I: The BTZ Black Hole 
a In the Bulk: 

The BTZ black hole solution [30] is the solution to the vacuum Einstein equation in 2+1 
dimensions with a negative cosmological constant A — The metric is given by 

ds'' = -N^dt'' + N-V + r'^iN't'dt + d(t>)\ (4.1) 
^This has been proved only recently by the author [28]. I will discuss on this later. 
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where 



= -8GM + = (4.2) 

M and J are the ADM mass and angular momentum of the black hole (M > 0, | J| < ML), 
and there are inner and outer horizons at 



2 



r± = 2VGI^Jm± ^Jm'^ - {J/iy. (4.3) 

The BH entropy, the Hawking temperature, and the angular velocity of the horizon are given 
by, respectively, 

27rr_i_ 



'>BH — 



4G ' 

2 2 



(4.4) 



a . (4.) 

The heat capacity Cj — {dM/dT)j for 'J=fixed' becomes, after some computation, 

' 8G'(r2+3r2)- ^^''^ 

Note that Cj is always positive since r+ > r_ for non-extremal black holes (T > 0) such as the 
canonical (T =fixed) or grand-canonical {T = Vt =fixcd) ensemble exists without considering 
the equilibrium of black holes with a hypothetical enveloping-box, in contrast to the black hole 
solutions in asymptotically flat space [31]. But, since I am interested in the large black holes 
of r+ ^ /, as appropriate in our perturbative computation, the canonical ensemble, where fl is 
negligible, is enough. Then from 

87rG/4^+(4 + 3r2 ) 



(8G) 



2 



S'bh (4.8) 



4%4/4- 

in the r+ S> I regime, one can easily find the entropy in the bulk as ^, from (2.8), 

1, 



Sbh - 



5|^(8G)2 



327r3/4(5E)2_ 

^Bi/ - ^InSBH + hn[327rH\6E)y{8Gf] + (h.o.t.). (4.9) 



^The "InSBH" corrections were known earlier in the onc^-loop corrections due to quantum fields on the black 
hole background in Refs.[32, 33, 34] (I thank R. B. Mann for informing this); on the contrary, our corrections 
are essentially due to the fluctuations of the black hole metric itself even without the matters. However, the 
coeffients are not universal, but depend on the matter contents. Furthermore, its connection to the CFT's 
logarithmic correction was also studied [35] in the context of string/black- hole correspondence [36], where the 
string's ends are frozen on the horizon. 
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b At Spatial Infinity: 



Now, let us compare with the CFT computation from Cardy's formula on a boundary. In this 
subsection first, let us consider the screen at spatial infinity as in the usual AdS/CFT. To this 
end, 1 note that the associated Virasoro algebra has two independent sectors as in (3.2), which 
have eigenvalues of Lq, Lq and central charges [37, 18, 38, 3, 14] as 

(r+ ± r.y 



16GI 

SIh, (4.10) 



327iH 

c^c^ ^ i§. (4.11) 

where r+ » Hs considered in (4.10). Then, one can easily find the entropy for the CFT, from 
(3.13), as 

ScFT^ ^Sbh-^ InSBH + In[647r3/V(8G)2] + (h.o.t.), (4.12) 

where I have used 



So + So = 27r^CeffAefr/6 + 

= Sbh (4.13) 

with a choice Amin = [18] This clearly shows the factor of 2 mismatch, with respects to 
the bulk result (4.9), at the logarithmic order for a large black hole, i.e., large Sbh-^ Hence, 
one finds that: 



There is some disagreement in the holographic correspondence between 3 dimensional gravity 
and 2 dimensional CFT, associated with the asymptotic isometry group 50(2,2) at the spatial 
infinity, beyond the leading order. 

Although there is no higher dimensional analogy [42], this higher order disagreement of 
the holographic principle in three dimensions might be far-reaching consequence because of 
its frequent appearance in the many higher dimensional black holes in string theory [43] as a 
sub-sector. 

''This vacuum is crucial in obtaining the correct BH entropy even when a scalar field is coupled. See Ref.[39]. 
similar mismatch has been noted, for the first time, by Carlip [40] in a different context of quantum 
geometry. But, as will be explained in later sections, his observation was due to some misunderstanding of the 
entropy in quantum geometry [41]. Moreover, he has not considered its implication to the holographic principle 
since the quantum geometry approach also concerns about the "horizon" states, and the associated "bulk" 
entropy is not considered. 
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c At the Horizon: 



At the horizon r_|_, the associated CFT has several different features compared to that for 
spatial infinity. First of all, there is only "one" copy of the Virasoro algebra instead of the 
two copies (3.2) at spatial infinity, though its origin is at the "classical" level like as in spatial 
infinity [12]; the intuitive understanding of this is not clear to us, but this has been observed 
in various different contexts [15, 16, 17] also. Second, the Virasoro algebra at the horizon is 
quite universal for arbitrary black holes and any dimension (except the extremal black holes 
and two-dimensional black holes), in contrast to the Virasoro algebra for AdS^ space at spatial 
infinity ^. Though the "most" general from of the proper boundary conditions near the horizon 
is not clear, for a "quite" general form of the boundary conditions near the horizon and an 
appropriate choice of Amin (Amin = in our case), one obtains a Virasoro algebra [12, 40] ^° 



3A 271 



Ceff 



^eff 



27rG kP' 

(4 14) 

WnG 27r ' ^ ' 

where A is the horizon area, k is the surface gravity, and P is the periodicity of the diffeomor- 
phism parameter Here, note that "/«P/(27r)" terms of (4.14) cancel in the computation of 
the leading term of the CFT entropy (3.12) 

A 



So = 27r^CeffAeff/6 = — , (4.15) 

which is the BH entropy, such as P is not determined at the leading order. 

However, an explicit P-dependent term appears for higher order corrections as follows, from 
(3.11), 

ScFT = Sbh - \\^Sbh - ln(fi;P) + Uyi{M^) + (h.o.t.). (4.16) 

Now, by using 



2 2 



K — 



^Thcrc seems to be a very strong hint on the universahty of ^^5*3 Virasoro algebra for AdSd also. For a 
recent achievement in the special context of string theory and pp- waves see Ref.[44]. But there has been no 
general proof for more general contexts yet. 

-'^'^Therc arc some mismatches in Cgff and Acff with other alternative approaches [16, 17]. But, presumably 
similar logarithmic corrections would be obtained also if the vacuum is chosen properly [45] . 
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for the large black holes of r+ ^ Z (with a finite J), one finally obtains 

ScFT = Sbh - \\^Sbh - InP + ^ln(967r^iV(8G')') + (h.o.t.). (4.18) 

Hence, one finds that the bulk entropy S of (4.9) matches with its boundary entropy at the 
horizon Soft if one choose P as 

P ^ Sn/SE, (4.19) 

which is a universal constant, independent of A. It is interesting to note that Ceg becomes a 
universal constant also 

Ceff=C«i^^, (4.20) 

while Aeff ~ {2G/ 5Ef'n'^)S%ff, with a choice ^min = 0. 

5 Test II : Schwarzschild-Anti-de Sitter black holes (d > 4) 

As the higher dimensional generalization of the analysis of the previous section, let us 
consider a higher dimensional Schwarzschild black hole solution with the (negative) cosmological 
constant A — —{d — l){d — 2)/2P ( Schwarzschild- AdS). The metric is given by 

ds^ = -N^df + N-^dr^ + rHnl_^, (5.1) 

where 

^ =^- (d-2)W3 + F (") 

M is the mass of the black holes (M > 0), and (iQ^_2 is the line element on the unit sphere 
S'^~'^ [31, 46, 47], and the horizon radius increases as the mass M as follows 

where nd-2 is the area of the unit S'^'^: Vtd-2 = 2n^'^-^^/^ /T{{d - l)/2). The BH entropy, the 
Hawking temperature, and the heat capacity of the horizon are given by, respectively, 

Sbh = (5.4) 
_ {d-2)na.,rl-^ f {d-l)rl/P + {d-3) \ 

- AG [^d-l)rl/P-{d-3))- ^^-^^ 
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Note that Cj is not always positive, but becomes negative for the small black hole of r+ < 
{d — 2)) / {d — 1)1. However, this does not matter in our case since I am only interested in 
the large black hole of r+ ^ Z such that our perturbative expansion of black hole entropy is 
meaningful. Then from 

{d - 2)n,_2rt' [{d - lyi/l^ + {d- 3)]3 



4G'(47r)2 
{d-2){d-l)^ 



- lyjp -{d- 3)] 



4G 



2/{d-2) 



nd/{d-2) 



d-2 . 



(5.7) 



for the large black hole, one can easily find the entropy in the bulk [25], from (2.8), 



(d-2)(d- 1)2 V 4G 



'd-2 



2/(d-2)- 



+ (h.o.t.). (5.8) 



Now, since there is no CFT analogue at spatial infinity, as far as I know, let us consider only 
the CFT at the horizon. There, the formulas of the eigenvalues Lq,Lq and the central charges 
(4.14) are valid for arbitrary higher dimensions, such as one has the same "formal" higher order 
corrections as (4.16) also. But now, by using 



K 



27rr 



2r^ 
{d 



f d-l 
l) ( 4G 



r^ + (d-3) 

l/(d-2) 



2/2 



for the large black hole, one can finally obtains 



d-2, 



.l/((i-2) 



(5.9) 



S = ^,,-^^ln^,,-lnP+iln 



327rH\6Ef /1V2 
(d - 1)2 I AG 



2/(d-2)- 



+ (h.o.t.). (5.10) 



Hence, one finds that the bulk entropy 5" matches with its associated CFT entropy Soft if one 
choose P as 



P ^ Vd-2 Stt/SE, 



(5.11) 



which is a universal constant, independent of A, as in the three-dimensional case. But, in 
contrast to the three-dimensional case, Ces does not become a universal constant anymore. 



Ceff 



3PSE 



7^(d-l)^/d^ V AG 



(rf_3)/(d_2) 
'-'BH 



(5.12) 



When the above results for the higher dimensional case of ci > 4 are extrapolated to that of 
d = 3, with an appropriate change of definition of mass M — —>■ M, the formula (5.12), 
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which becomes (4.20) exactly, clearly shows that c becomes a universal constant only for d = 3 
accidentally; this is in contrast to the speculation in Ref. [40]. (The reason will be explained 
in section 7.b.) 

For the comparison with the d — 3 case, the results for d = 4 {0,2 — 47r) are 



6 Beyond the Logarithmic Corrections 

So far I have considered the logarithmic-order, including the constant term as well, cor- 
rections, which arc the first-order corrections to the BH entropy. There 1 showed that the 
holographic correspondence with the holographic screen at spatial infinity for the BTZ black 
hole has some disagreement. However 1 showed that this mismatch can be resolved by con- 
sidering a horizon holography with an appropriate choice of the period parameter P. Now, 
the important question would be of its consistency: In the CFT manipulation at the horizon 
there is only "one" undetermined parameter P at the leading order, but this was fixed by the 
requirement of the (horizon) holographic principle even with the logarithmic-order corrections. 
Now then, computing the higher order corrections beyond the logarithmic order would be an 
important test of the consistency of the holographic principle. So, the question is whether the 
P determined at the logarithmic order has the perturbative corrections, or that is enough to get 
a consistent (horizon) holography, even with all the higher order corrections. 

To this end, let us first consider higher order terms in the density of states Q{E) of (2.6) 
in the bulk. The higher order terms in the sum beyond n — 2, which is the logarithmic-order 
that I have studied so far, start from n — 3, but this term seems to be problematic since its 
contribution becomes imaginary due to {i(3')^ term. Actually, the imaginary terms always 
appear for odd n{> 3). But, due to the reflection symmetry under P' <-> — /3' of the relevant 
integrand of (2.2), as I have noted earlier (below (2.4)), these terms do not occur in our higher 
order computations. So, the truly relevant terms start from n — 4, and these give the higher 
order corrections beyond the logarithmic order {n — 2). If I take into account these new 
corrections, one can evaluate the integral of (2.6) "formally" as follows 



ScFT = SBH-lnSBH + lH'^7rYi5E)y{9G)], 




P fa 8V27r/5E. 



(5.13) 



5E 



^/2e^Xi/4(x) + (h.o.t). 



(6.1) 



7rv^2 



X 
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such as entropy S = lnfl{E) becomes 



SE 



27rE2 
JSEf 



+ (h.o.t) 



+ 



+ 



\B,r 



(6.2) 



where I have used the following formula in the first line 



/oo 
-oo 



= \i-x-'~e'Kii^{x) 



(6.3) 



with the modified Bessel function of the second kind Kn{x) for x = —0^/(86); in the second 
line, I have used the asymptotic series expansion for a large value of a; = — 3(i?2)^/ (4.64) 



(6.4) 



The (h.o.t)'s in (6.1) and (6.2) represent the corrections from d/3'exp[E^>5 -Bn(i/3')"/^'] 
and its logarithm, respectively. This asymptotic series expansion might not be convergent for 
negative values of x, (i.e., 6 < 0), which seems to be a generic feature of black holes in AdS 
space as in this paper, due to an essential singularity at x — 00. But, since the combination 
x^/^e^Ki/4{x), which appears in (6.3), has no essential singularity ed, x — 00-actually there is no 
singularity at all-, the infinite series of (6.4) may be convergent even for the fo < well 
as the & > case, by Fuch's theorem; the convergence of that combination for the b < case 
implies an appropriate regularization prescription is required^^to get the finite answer from 
the integral (6.3), which is divergent naively; otherwise, the canonical ensemble is unstable 
again for black holes in AdS space if one considers the higher order corrections, even though 
it is stable for the first-order correction, but this does not seem to occur [31, 48]. One might 
also like to continue this perturbative computation to arbitrary higher orders, but this does 
not seems to be straightforward since we do not know the integral formula for the integrand 

EN 
^ n=o""'' for A^ > 4 in (2.6), which generalizes the formula of (6.3); (6.2) is the best correction 

as much as we can at present. 

On the other hand, in the CFT side, one needs to compute p(A) of (3.6) by taking into ac- 
count the higher order terms in the sum which start from n > 3 similarly to Q{E) computation; 
here also, one can safely neglect the higher order correction terms in the bracket of (3.6), which 
is exponentially suppressed as — > iO+. This higher order corrections may be evaluated by 

^^The combination W = x^/'^e^Kn{x) satisfies the differential equation, x^W" + 2x^W' — (n^ — l/'l)W = 0, 
while Kn{x) satisfies the modified Bessel's equation x'^K'^ + xK'^ — {x"^ + n^)Kn = 0. 
^^For example, lim2,_>oo J^^ d(3 instead of the integral of (6.3) 
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the steepest descent method, which would produce a similar form as (6.2). But, surprisingly an 
exact, convergent expansion, due to Rademacher [49], exits, and I would like to use this elegant 
formula for our purpose. Then, the formula reads [50, 51], up to the exponentially suppressed 
terms, which have been neglected also in the explicit steepest computation, 

p(A) = e^V^efrAeff/6 X ( 1 /l(27rv/ceffAeff/6) + (h.o.t.) , (6.5) 



such as 



'CFT 



= 5-0 + In 



= 5-0 + In 



Ccff 



96A 



Ccff 



1/4 

cff/ 



+ (h.o.t.) 



(96A3 



1/4 



'-S^' + 0{iSo)-% 



(6.6) 



where In{x) is the modified Bessel function of the first kind, and I have used its asymptotic 
series expansion for large x: 



h{x) 



1 - -x-^ + 0{x-^) 
8 



(6.7) 



The (h.o.t)'s in (6.5) and (6.6) would represent the corrections from j^dr exp[X]^5^7 
r*)"/n!] and its logarithm, respectively. Here, note that, similarly to (6.3) case, (6.6) can 
be expressed as 'ln(i/xe^/i(a;)/\/2A^) + (h.o.t.)' such as the infinite series of (6.6) may be 
convergent, though (6.7) might not be in general. -"^^ 

Now, if I consider the CFT at the horizon, (6.6) becomes, using Ceff, Aeg of (4.14), 



ScFT = Sbh - - ln(«P) - ^-S^l^ + ^ln(87r^) + 0{Ssl). 



(6.8) 



Now then, I am ready to test the consistency of our horizon holography by comparing the 
additional correction terms in (6.2) and (6.8) with P determined at the logarithmic order. But, 
it is not difficult to show that there is numerical mismatches with that P, such as the period 
P also get the perturbative corrections in order that the holographic principle holds even for 
higher orders. To see this, I first note that 



= -24(15 J^Z^ + 170J^/V^ + 1000 J^ZV^ + 480J'ZV^' + 128r^^) 

x[(j¥-4r^)(3J¥ + 4r^ 



„4 n3i-1 



BH 



(BTZ), 



(6.9) 



^■'But note that, in contrast to (6.4) case, a; < (i.e., S'o < 0) is not allowed in this case, in order that the 
saddle point approximation of section 3 works here. 
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= -[((-3 + d)l' + (-1 + dy,f{3 -d+{-l + dyj-''f{{-5 + d)(-4 + d){-3 + dfl 



\4;8 



4„4 



+2(-3 + dY{-l + d)(-40 + lld)rrX - 2(-3 + dy{-l + d)^(-50 + (-4 + d)d)fr^ 
-2(-3 + + df{-A + + (-1 + dYd{l + d)r^)) 

X [(-2 + d)l\{-2> + dy - (-1 + rf)r^)'(-3 + + (-1 + d)r2 r2)6]-i x 5^], 



^(^+l) c-i 



d-2 

such as the bulk entropy (6.2) becomes 



(Schwarzschild-AdS) , 



(6.10) 



S = SBH-\\^SBH + ^Ss]i + \H^2nH\5Ef/{%Gf]+0{Ssl) (BTZ), (6.11) 



S ^ S 



d 



BH 



2{d-2) 



IuSbh + 



d{d 



^S^Ij + ill! 
2 2 



+ 0(5. 



BHJ 



8{d 

(Schwarzschild-AdS ) 



{d-2){d-iy V 4G 



l-d-2 



(6.12) 



for the BTZ and Schwarzschild-AdS black holes (li > 4), respectively. Now then, by comparing 
(6.11) and (6.12) with (6.8), one finds easily that they match when we re-normalize the period 
as 



Pren — 1 gS^jj + OlS^jj) 

Pren - ^ 8(d-2) 



(BTZ), 
SBh + 0{S^jj) 



(6.13) 

(Schwarzschild-AdS) (6.14) 



for the BTZ and Schwarzschild-AdS black holes (li > 4), respectively. 



7 Comparison with Other Approaches 

a Wess-Zumino-Witten(WZW) Model Approaches at the Horizon 
a.l Lorenzian approach: 

For the BTZ black hole, there is alternative derivations of black hole entropy from CFT at 
the horizon, whose details depend on the signature of the metric, i.e., Lorenzian or Euclidean. 
1 first consider the Lorenzian approach in this section. In this case the CFT comes from an 
induced 5*^(2, R) x 5*1/(2, R) WZW model at the black hole horizon, in the context of Chern- 
Simons formulation [52] of three-dimensional (Lorenzian) gravity, and the BH entropy comes 
from the direct counting of its number of states in the large k = I /AG limit [8]. There is an 
important qualilative difference between this and Ref. [12] or Ref. [18], which was analyzed 
in the previous sections: The BH entropy Sbh is a purely "quantum" effect, in contrast to 
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Ref. [12] or Ref. [18], where the classical effect was dominant; but, one can not distinguish 
between them at the leading order. However, quite interestingly, it is known [40] that this 
WZW approaches gives the correct '—^IhSbh ' term already, as is consistent with the (horizon) 
holographic principle, though this approach has some undesirable features of the non-unitary 
Hilbert space and infinite degeneracy of the vacuum [8]. So, the interesting question is then 
whether this gives the higher order correction terms correctly as well, such as this may be 
considered as the correct CFT candidate for a new AdS/CFT in the context of a horizon 
holography. But, unfortunately this is not the case, and the WZW model does not provide a 
correct holography beyond the logarithmic order. 

To see this, I first note that the associated partition function becomes 



Ze[T]=5:p(7V)exp 

N 



-ir)-'/' (7.1) 



with the density of states 



/2i;2 _ 1 

Pi^) = \ -TTT- E Po{N)po{N - n), (7.2) 



Ah.2 

^'^ n=0 



where po is the density of states for an S'L(2,R) WZW model [40]. [Here, I am considering 
the modular non-invariant partition function Zg[T], following Carlip. But, I have introduced 
(— ir)"^''^ factor in (7.1) as well as (2A;^ — 1)/(4A;^) in (7.2), which have been neglected in [40], to 



take into account the integral for zero modes: / (icje^''''^(^"^+^~) = ^ ^^^^^2 6^^'""^*' ''+^' ; actually 
(— ir)~^/^ is just what is needed to incorporate the extra factor in the transformation (A. 2) of 
Ref. [40] into the our standard form (3.3).] 

In the large k limit, the three oscillators of 5'L(2, R) can be treated independently, and 
(6.5) gives 



p{N) 



- V e^''(^+^^) n-^/'^iN- n)-^/^ ( 1 - x (l - ^ ^ (7 3) 



up to 0{k ^) terms. Here, the last two terms came from the second-order correction terms in 
(6.5). 

Furthermore, in the large hmit, the sum in p{N) may be approximated as an integral 



1 r'^ ( 
p{N) fti - / dx e'?(^)x-^/^(A^ - x)-^/^ 1 
8 Jo \ 



X 1 




8\/27r ^/xj \ 8^/271 VN -x^ 
where 

ri{x) = V2n{^ + y/N-x). (7.5) 
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Then, from the steepest descent method, similarly to the previous sections, (7.4) becomes 
p(7V) ^ — a;;3/^(7V - x^y^/^e^^^*^ x(l- -^^] x (l ^ ^ ^ 



X 



/ dx exp -r]^^\x - x.y + ^ -ry^"^^ 
•^0 [ 2 n>3 ^' 



1 ^v-^/^e^'^^ X 



(7.6) 



where 



77(x*) = 27rVN (7.7) 



with = N/2; here, interestingly, ^^'^'^^ < 0, in contrast to all other previous examples. Then, 
the CFT entropy at the horizon becomes 

S^lnp^ 27rv^ - ^Inv^ - li±i^^-i/2 + o{N-'). (7.8) 

2 Idtt 

Now, since of (7.1) is dominated by the state with 

1,2 2 C2 

;2 4^2' i^-y^ 

which has been known as the physical state condition also [8] , the dominant terms in the entropy 
are 

S^Sbh- llnSsH - ^-^^f^S^h + ^ln(87r^) + O(S^l), (7.10) 

which disagrees with the bulk entropy (6.12) at the S^jj order by the factor of "— (5 + 4-\/2)/4", 
as well as at the constant term. 

Note that although the corrections due to the difference between the sum (7.3) and the 
integral (7.4), when N is away from the infinity (but, k is kept infinity still), might affect the 
above result also, but one can check that this is not the case since the effects arc only the order 
of 0(5'^^^) from the Euler-Maclaurin integral formula. (Details are omitted here.) 

Hence, one finds that the WZW model approach for the three-dimensional Lorenzian gravity 
does not favor the (horizon) holography beyond the logarithmic order. This might imply the 
breakdown of the equivalence between three-dimensional gravity and the corresponding Chern- 
Simons formulation beyond the logarithmic order since the WZW model depends crucially 
on the Chern-Simons formulation; but, since several other ingredients which are not directly 
related to the formulation itself are also involved in this approach, this is not clear at present. 
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a.2 Euclidean approach: 



As a complementary to the previous subsection, it would be also interesting to compare it 
with the Euclidean continuation of the black hole, which uses a quite different counting of 
states in terms of the better-understood SL{2, C) WZW model than the poorly understood 
S'L(2, R) X 5*^(2, R) WZW model for the Lorenzian black holes [9]. It has been shown that 
these two different approaches are actually related by a functional Fourier transformation for 
the different boundary data at the horizons, and they both give the BH entropy at the leading 
order [27]. The test of the equivalence beyond the leading order is the subject of this subsection. 

To this end, I note that, in the large k — —I /AG limit, in which G is analytically continued 
to a negative value [27, 53], the canonical partition function for the SL{2, C) WZW model on 
the two-torus with modulus t — ti + iT2 



^5L(2,C) 



'SU{2) 



exp 



tt/c 



-u 



XOk{T,u) 



(7.11) 



up to 0{k ^) terms, where on the horizon is fixed to a constant value [Ta — —iuij^ Oa are 
Pauli's matrices] 



Til 



a — 



T2 



(7.12) 



and Xnk are the Weyl-Kac characters for affine SU{2) [54], which behaves asymptotically for 
large T2 

(n + 1)2 _ 1" 
2 



Xnk{r,u) exp 



TTl 



k + 2 



simr(n + l)u 



SmTTM 



(7.13) 



Then the usual number of states, following (3.3), for the states in which the Virasoro generators 
Lq and Lq have eigenvalues N and N, respectively, becomes 



p{N,N) = --^ / Zsl(2,c) ir) , 



(7.14) 



where gi = e^'^''^^ , q2 — e ^'^'^2. Now, from the physical state condition of Lq— c/24 = Lq— c/24 = 
at the horizon, the number of states at the horizon is given by 

i\ 2 



c c 
^^,24' 24 



dri 



nk I 0ri 



nk 
~2 



1 /^Q^2 r+y 2t2 
Ta V 27r / / A; + 2 



^7.15) 



^^In the original work [9], ^5^(2. c) was implicitly assumed to be Tr{e^'^^'^^"e~'^'^^'^^"}, which is not modular 
invariant. However, as can be easily checked, this is not correct since (7.11) is modular invariant [55] as in 
our starting partition function Z[T,f] of (3.1). Hence, the original work should be understood with a shift 
Lo,Lq Lq — c/24, Lq — c/24, respectively. Then, the final result is consistent and the same as Carlip's 
eventually. 
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This integral, after ti integration, can be evaluated by the steepest descent method with the 
result 



where 



1 /era |r 




r2 V 27r / 



(7.17) 



which dominates the prefactor ^j2T2*/k, gets the maximum 



?7(7-2*) 



AG 27r 



+ 0(A;°) 



with 



T2* 



(7.18) 



(7.19) 



when r+ ^ Zis considered. Then, entropy 5" = lnp(c/24, c/24) is computed as [27r — © is the 
deficit angle of the conical singularity at the horizon, and © is taken to be 27r on-shell here.] 



) + (h.o.t.). 



(7.20) 



This show the disagreement, even at the logarithmic order, with the bulk result (4.9), and 
also shows its mequivalence with the Lorenzian approach of the previous subsection beyond 
the leading order. Moreover, it is unclear, in this result, whether or not the Bekenstein bound, 
i.e., S < Sbh [56] is satisfied since both Sbh and k are extremely large. 

Recently, it has been suggested to consider the modular invariant density of states [55] by 
employing the modular invariant measure dTidT2/ {t2)'^ instead of the usual measure dridr2 in 
(7.15), and in that construction the correct logarithmic term '— (3/2)lnS's//', which agrees with 
the bulk result (4.9), was obtained. But, its relevance to the usual thermodynamics is not clear 
yet, which will be more discussed in the final section. Moreover, even with that construction, 
the entropy disagrees with the bulk result (6.11) again beyond the logarithmic order. (See 
Appendix A for details.) 



b Quantum Geometry Approach of the Horizon 

For four-dimensional non-rotating black holes with or without a cosmological constant or elec- 
tric, magnetic, and dilatonic charges, there is an alternative derivation of black hole entropy 
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from the quantum geometry approach of Ashtekar et al. that counts the boundary states of 
a three-dimensional Chern-Simons theory at the horizon [10, 57, 41]. There were some confu- 
sions about the logarithmic-correction term in this approach, by identifying the entropy in this 
approach with the usual (micro-canonical) entropy S — lnD,{E) and generalizing this result in 
d — A to other dimensions [40]; as a result of this, a wrong behavior of central charge c (or 
P) in the Cardy's formula (4.16) has been speculated in Ref. [40], as remarked in section 4. 
Clarification of this issue is considered in this subsection, with the help of a recent observation 
by Chatter jee and Majumdar [58]. 

To this end, I start by noting that the partition function in quantum geometry approach is 
represented by 

Z0]^j2^iE{An))e-^''^^-\ (7.21) 

n=Q 

where An is the area eigenvalue of the horizon with n punctures each of which carries a spin 
1/2, and N'{E{An)) is the degeneracy of the energy level E{An) [10, 41]. In the very large p 
limit, this may be approximated as an integral 

^ roo 

ZW]^ dx Af(E(A(x)))e-'^^^^^'^^\ (7.22) 
Changing integration variable from x to E yields 



m = / dE 
Jo 



dE ^ 



M{E)e-^^ (7.23) 



dx 

such as, by comparing with the usual form of (2.4), one obtains 



n{E)=X{E) 



dE ^ 



dx 

Then, the usual micro-canonical entropy S = lnfl[E) becomes [58] 



SE. (7.24) 



S = S^a-ln^-^^, (7.25) 



\dE/dx 
where 

SQG = lnM{E{p)), (7.26) 

which is the entropy defined in quantum geometry approach [10, 57, 41]. As we shall see, the 
additional term in (7.25) is the key ingredient which resolves the above mentioned confusions. 
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Now, from counting the number of conformal blocks of a two-dimensional SU{2)f, WZW 
model with the level k — A/ISttjG) that lives on the punctured 2-sphere at /c — > oo limit, one 
finds 

-((../?-!)) (^•^^) 

for the largest number of punctures po with all spins j„ = 1/2, which is given by 

Po = (7.28) 

where 70 = l/{ny/3), and 7 is the Barbero-Immirzi parameter [59]. Then, for large po, one 
finds, from the asymptotic expansion formula of the factorial function 

Sqg ~ poln2 - ^Inpo - ^Po ' + ^MS/tt) + O(po') 

= Sbh - llnSBH - lln2Ssh + ^ln[(ln2)38/7r] + 0{Ssh) (7-29) 

by choosing 7 = 7oln2 [10, 41]^^. Note that this result apphes to the four-dimensional Schwarzschild- 
AdS as well as the Schwarzschild black holes since the formulation depends crucially on the local 
properties of the horizon [57]. However, when we compute the usual micro-canonical entropy 
5* = lnfl{E), there is a sharp difference due to the additional term of (7.25). 

To see this, let us first consider the four-dimensional Schwarzschild- AdS black hole, in which 
the black hole mass M is given by, from (5.3), 

/ ^2 \ 



2GM = r+ 1 + . (7.30) 



For a very large black hole in the presence of a cosmological constant A = — 3/Z^, i.e., r+ » I, 
this reduces to 

1 



^ A'/^, (7.31) 



2G'i2(47r)3/2 

where I have used A — 47rr^ for the horizon area. With this mass- area relation one finds 

dE^dEdA^ 3 ^1/2 dA 

dx dA dx 2(47r)3/2v^/2 dx' ^ ' ^ 



""^^Note that the Pq^ and the constant terms differ from Ref. [41]. 

-^^In Ref. [40], Sqg has been identified impUcitly in arbitrary dimensions as the micro-canonical entropy S. 
But, as we have seen in (7.25), this is not correct because of the second term, which can not be neglected. 
Furthermore, in higher dimensions, the applicability of the formulation has not been proved yet. 
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Now, by plugging dA/dx ~ dA/dpo = 4G7/70, which is a constant factor independent of the 
area A, one obtains finally the microscopic entropy S — \nQ(E), from (7.25) and (7.29), 

This disagrees with the bulk result (5.13), even at the logarithmic order. And, as was noted in 
Ref.[41] and explicitly shown in Ref. [60], the constant and the 0(3^^^) terms might be affected 
by taking the level k away from the asymptotic value (oo), which we have assigned above in 
the integral (7.21), or by including the spin values higher than 1/2 such as we are away from 
the largest number of punctures (7.28), but the logarithmic term is not affected. 

On the other hand, in the absence of a cosmological constant, i.e., Schwarzschild black hole, 
(7.30) reduces, for any black hole size, to 

such as one finds, instead, 

S^Sbh+ (-^ + I) InSsH - ^ln2 + ^ln[1281n2 G{SEf] + 0{Ssji). (7.35) 

But, unfortunately, there is no comparable bulk entropy computation in this case since the 
canonical partition function (2.4) diverges such as the expansion of fl{E) as in (2.6) is not 
defined, though, interestingly, this has the same logarithmic term of (5.8) for d = 4: We need 
an independent framework to compute ^{E); a possible way would be to consider the canonical 
ensemble of the black hole within a finite cavity [61], though it is too artificial [31], but because 
of the finite size of the cavity compared to the Schwarzschild radius r+ = 2M, the result can 
not be expanded as in (7.35) [62] ; we need an estimation in the micro-canonical ensemble from 
first principles. In this circumstance, it would be interesting to compare with the horizon-CFT 
approach, which applies also to the Schwarzschild black hole. In this approach, one obtains the 
microscopic entropy, from (4.16) and (6.6), as 



ScFT = Sbh - InP - lsi]j + ^ln(32G') + 0(5^1), (7.36) 

o Z 



where I have used 



Note that ''-{l/2)\a.SBH' term cancels '-Inre ~ {l/2)\iiSBH in (4.16), such as only "-InP" 
term remains in (7.36). The quantum geometry result (7.35) would agree with this result if I 
choose 

p = aSsH + h (7.38) 
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with the appropriate constants a and b; = l/{A\n2{6E)'^),b = ((9/4)ln2 - (3/8))a. But, 
this would be quite questionable since there is the disagreement in the Schwarzschild-AdS case 
always, as already was noted in (7.33), and there is no resolution in the present context yet; 
a modification in the classical action of Ref.[10] might be needed for the resolution, but it not 
clear at present. 

In summary for quantum geometry approach, there is the disagreement beyond the loga- 
rithmic term with the bulk result of Schwarzschild-AdS black holes, but there is no way to test 
the holography for the Schwarzschild black hole case, i.e., Flat/CFT due to the absence of its 
corresponding bulk entropy computation. 

8 Conclusion and Open Questions 

I have tested the holographic principle for mainly AdS spaces by examining the logarith- 
mic and higher order corrections to the Bekcnstcin-Hawking entropy of black holes. For the 
BTZ black hole, the holographic correspondence with the screen at spatial infinity has some 
disagreement beyond the logarithmic correction ( by the factor of 2 at the logarithmic order), 
which may be in contrast to the AdS/CFT predictions. On the other hand, a holography at 
the event horizon from Carlip's horizon-CFT approach of black hole entropy in any dimension 
[12, 13, 14] is more flexible, and can be made to be satisflcd by choosing an appropriate period 
parameter P, which has been arbitrary for the leading-order computation. The analysis on the 
higher dimensional Schwarzschild black holes in AdS space shows a universahty of the choice P, 
except for a dimension-dependent factor. I have also compared with several other approaches, 
i.e., the induced WZW model approaches at the horizon for the Lorenzian and the Euclidean 
BTZ black holes, and also the quantum geometry approach of Ashtekar et al. at the horizon 
for the four-dimensional Schwarzschild and Schwarzschild-AdS black holes. In these analysis I 
have shown that none of these other approaches satisfies the (horizon) holographic principle, 
in contrast to our horizon-CFT approach. As a byproduct, I have clarified some confusions in 
the quantum geometry approach which result from some misunderstandings of the definition 
of entropy. However, there remain several open questions, which are listed below. 

1. Quantum corrections While I have used the expansion (2.6) around P' — 0,1 have not 
touched Z[P], which may include all quantum loop corrections by Z[P] — Tr{exp{—PH)) — 
J d[g]exp{il[g]) [23]. If we consider the loop corrections of the gravitational fields we need to 
generalize the Einstein gravity to a higher curvature gravity [63]-in this case, the canonical 
entropy (2.9) is not simply the BH form (2.10), but also includes a sum of curvature invariants 
^^I thank for S. Deser, D. V. Fursaev, J. Maldacena, and S. N. Solodukhin for discussion. 
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integrated over the horizon [64] with a possible UV-finite InA correction. But this would 
not affect much our result for large black holes from the following reasons: 

i) . In this paper, I have considered mainly the black holes in AdS space, which is stable 
under the fluctuations of thermal gravitons [31]. In this case, it seems that the usual InA 
correction from some ambiguity in the renormalization for the d=4 Schwarzschild black hole, 
due to lack of a natural length scale other than r+ = 2Mlpig^jj^^^ [66, 32, 35], would not appear 
[67] due to another natural length scale I ~ \^—A in AdS. All the other terms are UV-divergent 
which can be renormalized away. 

ii) . Now, involving the higher curvature terms in entropy, which is renormalized, these 
would be very small for large black holes, as in this paper, since the curvature near the horizon 
decreases as the horizon area A increases. (For more details, see the argument by Carlip 
in Appendix B of [40].) Moreover, for three dimensions, in particular, one can expect no 
gravitational loop correction due to the absence of propagating graviton [68] , such as our results 
for the BTZ black hole in section 4 are not affected by quantum corrections, except for some 
possible finite terms which would be renormalized away [9]. However, an explicit computation 
of those higher curvature terms in the entropy for the CFT as well as the bulk would be quite 
interesting. 

2. De-Sitter space: From the empirical reason, holography for dc-Sitter space would be more 
interesting, but the situation is not so affirmative as that of AdS space: The only thing I can 
show (the details will be appeared elsewhere [28]) is that, by generalizing the steepest descent 
method for "imaginary" A and c , the KdSa solution [3] has the same factor of 2 discrepancy 
at the logarithmic order for the entropy at spatial infinity as the BTZ black hole; this shows 
clearly the usual dS3/CFT2 might not be correct either beyond the logarithmic correction. But, 
when we consider the entropy at the cosmological horizon, which is the only horizon in this 
case, the steepest descent approximation is questionable since the convergence of an expansion 
around the steepest descent path is not guaranteed, which is essentially due to finite r^/l; this 
problem is similar to the situation for the black holes in a finite cavity [61]. We need other 
ways to compute the entropy corrections such that one can get a convergent expansion around 
the steepest descent path with some controlling parameters. 

3. Flat space: Can we "directly" compute the bulk density of states Q{E) for the asymp- 
totically flat Schwarzschild black holes, without recourse to the Laplace transformation of the 
canonical partition function (2.2), which is divergent in this case ? This can be used for testing 
F(lat)/CFT correspondence, which has been recently considered [4, 6]. 

4. Modular invariance: In the CFT side of section 3, the modular invariance-especially 

^^The higher curvature effect in the black hole entropy would be also reproduced by the Cardy's formula with 
the corresponding corrections in the central charge and Lq eigenvalue. See [65] for this possibility. 
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the invariance under r — > — l/r-of the partition function Z[T,f] in (3.1) has been a crucial 
role in determining its density of states p(A, A) of (3.5) perturbatively. But, this property 
is clearly absent in the usual canonical partition function in section 2, which implies some 
mismatches between n{E) in (2.2) and p(A, A) in (3.3). One might consider the modular 
invariant measure as in [55, 69] in order not to double-count the states which are connected by 
the modular transformations. But, in this case the usual connection of r ~ [70] would be 
lost for large /3 (i.e., small temperature T) case. A possible resolution might be to generahze 
the usual thermodynamics relations in section 2 such that a similar duality in the thermal 
temperature T is favored as in Ref.[71]. Even with this unclear circumstance in the large (3, 
our main computation for small /3 (i.e., high T) black holes seems to be quite safe still. But, 
for an affirmative answer, we need to compute directly the density of states p(A, A) without 
recourse to the modular invariance. Is there any way to do this ? 

5. String theory: In string theory side, similar disagreements in two-loop tests of the PP- 
wave/YM correspondence have been reported [72, 73], and there has been no clear resolution 
yet. The disagreement are the factor of 2 for Ref.[72], and approximately 2 (i.e., 19/8) for Rcf. 
[73]; for the latter case, a resolution was proposed in the later paper [73], but its independent 
confirmation seems to be unclear so far. This factor of 2 disagreement resembles the same 
factor disagreement for the BTZ black hole entropy at the logarithmic order. Is this just an 
accidental coincidence, or is there any deeper reason ? 

6. Much higher order corrections: In the evaluation of much higher order corrections (n > 4) 
for p( A, A) we can use the exact formula of Rademacher to any order, which implies the integral 
with an infinite sum in the exponent of the integrand in (3.6) can be computed. Then, can wc 
obtain, from the Rademacher 's exact formula, the integral formula for Jf^ dx cxp{Y,^^2 '^nX'''} 
for arbitrary > 4 such that the integral in Q{E) of (2.6) can be computed to arbitrary orders 
also ? This would be an interesting problem in mathematics itself also. 

7. Chern-Simons theory versus gravity: It is well known that the three-dimensional Chern- 
Simons action with an appropriate gauge group is equivalent to the three-dimensional pure 
gravity action "on-shell" [52], and this is true even for the usual boundary term "/2A'" at 
spatial infinity as well as the bulk Einstein- Hilbert action [74]. Then, does our result in section 
7. a imply that this equivalence is not true at quantum level, which is "off-shell" necessarily, or 
the boundary term of the Chern-Simons action for the horizon should be modified in accordance 
with the appropriate horizon term in gravity side [14] ? 

Note added: While this paper was being written, a paper [75] appeared which noted also 
the factor of 2 mismatch for the BTZ black hole between the bulk and Strominger's logarithmic 
correction to the BH entropy. But there, in contrast to my paper, this mismatch was neglected 
and not seriously considered . 
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Appendix A 



In this appendix, I compute the black hole entropy of Euclidean black holes of section 7 
a.2 for the modular invariant density of states, as suggested by Govindarjan et al. [55]. The 
suggested form of the density of states corresponds to a modified density of states, in contrast 
to the usual p(c/24, c/24) of (7.15), 



/ c c \ 1 



(A.l) 



with the modular invariant measure, by incorporating l/(r2)^ factor, which is well-known factor 
in string theory context [69]. Here, since Zsl{2,c){t) is modular invariant by itself on a two- 
torus, the density of states p itself is modular invariant also; of course, the density of states 
for the higher modes p{N,N) is not modular invariant still, even with the 1/(t2)^ factor, and 
needs a more generalized factor in that case. 

The integral (A.l) can be evaluated by the steepest descent method as in (3.6) 
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where r]{T2) = -^[^{^ + n^)^] +C'(/c°), which dominates the prefactor {t2^)-^ gets 
the same maximum as (7.18) when r+ ^ Z is considered; there are no terms of odd power in 
{'^2 — ^2*) in the exponent of (A.2), due to the same reason for (3.6) case. Then, from the 
integral formula (6.3) and the asymptotic form of the modified Bessel function of the second 
kind, one obtains black hole entropy S 



lnp(^, ^) as follows: 



Sbh — -;^^Sbh 



24 1, 
+ T^--+2^^ 
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(A.3) 
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Note that one obtains the correct '—3/2' factor in the logarithmic term, which agrees with the 
bulk result (4.9) [55]: This is essentially due to the additional factor l/(r2)^ in the measure, 
which "reduces" the counted number of states in general ['—2lnSBH in our case] by removing 
the over-counted states due to the modular transformation. However, even in this construction, 
the higher order terms, which are actually the same as in the case without the 1/(t2)^ factor, 
disagrees with the bulk result (6.11) again. 
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